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MATHEMATICS. 


IV. OcToBER, 1888. No. 5. 


THE DIRECTIONAL THEORY OF SCREWS. 
By Pror. E. W. Hypkr, Cincinnati, O. 


The term screw as used in this paper will be applied to the equivalent, in 


the language of Grassmann’s system, of Ball’s screw, as used in his “ Theory of 


Screws.” * 


I will begin by giving Ball’s own definition, afd will then show how the 
meaning of the term is modified, and, as it appears to me, clarified, as it will be 
here employed. 

On page 3 of the above mentioned book the following definition is given: 
A screw is “a straight line in space with which a definite linear magnitude, 
termed the pitch, is associated.” //ow this linear magnitude is associated with 
the line does not at once appear, and it seems to me to be a matter of some diffi- 
culty to attach a clear geometric conception to the definition. 

I shall define a screw to be “le sum of a point-vector and a plane-vector per- 
pendicular to it, the former being a directed and posited line, the latter the product 
of two vectors, hence a directed, but not posited, plane. To express this in symbols 
let S be a screw, ¢ a point, ¢ a vector, a a scalar quantity (the pitch), and 
plane-vector perpendicular to ¢ and having an area numerically equal to the 
length of ¢; i. e. 7 =|¢; then we shall write 


If Zé = 77 = 1, we shall call S awnit screw. Fig. 1 
will give a definite idea of a screw in our sense of 
the word. ee is the point-vector, fixed in length, 
direction, and position; 7(==¢) a vector area, or 
plane-vector perpendicular to ¢; and ay the larger . 


vector area, a multiple of the first. Fig. 7. 
In mechanics the screw becomes a force and couple, the plane of the latter 
being perpendicular to the former, i. e. what Ball calls a wrench; or else a rota- 


*The Theory of Screws: A Study in the Dynamies of a Rigid-Body. By Robert Stawell Ball, 
LL.D., F. R. S. Dublin: Hodges, Foster, & Co. 


ay = es @ &. (1) 
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tion and translation, the direction of the latter being parallel to the axis of the 
former, i. e. according to Ball's nomenclature, a /wsz. 

A screw evidently belongs thoroughly to the realm of the Directional Cal- 
culus, and will not be easily or naturally treated by Cartesian methods; and yet 
Ball’s treatment is, throughout, éssentially Cartesian in its nature; i. e. he works 
always by co-ordinates. He also obtains purely geometric results mainly by 
mechanical processes and reasoning. That only Cartesian methods are employed 
appears at once from the statement immediately following the definition of a 


screw quoted above; viz:— 

“If... a screw be denoted by a, then @ is not an algebraic quantity, and 
cannot occur in an algebraic equation.” This simply means that a screw is not 
| a sca/ar quantity, and cannot appear as a term in a sca/ar equation. 

Returning to the value of the screw 


we have, as particular cases, 
S = = point-vector, when a 
and S =a ¢== plane-vector, when 7? =O and a=, with 


a7é a finite quantity. 
The sum of-any number of lines ( point-vectors) ts a screw, for 


See = ¢y Se Se 4 Nee =e, Ve + V(e—e,)e. (2) 


The first term of the last member is a point-vector, and the second term a plane- 
vector not, in general, perpendicular to the first. Write Ye =e’, —e)e=y, 


so that 


See =e,e' + (3) 


then, if 7 is not perpendicular to ¢’, we can make it so by changing the position 
of the point-vector part as follows: 


See = eye’ + eye’ — + = + +H = + ae’+y, (4) 


if = ¢,— ¢'. The vector « must be determined so that as’ + 7 shall be perpen- 


dicular to «’; that is, we must have ¢’ |(ae’ + 4)=o0. This gives a as extending 
from ¢, to a definite straight line parallel to ¢’, which is the locus of ¢’. If we 
take « perpendicular to ¢’, that is a|¢’ =o, we find the perpendicular distance 


from ¢, to this line, for the condition above becomes |a.¢’? + ¢’ 4 =0, or 


| 
UF. 


This determines the central axis of the system of lines, and shows that Yee is 
identically equal to a certain definite screw. 
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To find the sum of a nu:nber of screws; i.e. to determine S from the equation 


Let s, = ¢,¢, + a, ¢, with similar values for s,, s,, etc.; also write S= pa + 2 4, 
in which f is a point, ¢ a vector, and ¢ a scalar quantity, all of which must be 
determined in order to find S. Substituting these values in (6), we have 


po+s\o= 
or +(p—a)ao+s + ee] 4 


Write, for brevity, for ¢, — ¢,' for ¢,— etc., and p for and 
equate separately the point-vector and plane-vector parts; thus we have 


o= (7) 
po+sl\o= + (8) 


Equation (7) gives the value of ¢. To find s, multiply equation (8) by ¢, there- 
fore 


sot —alaxe'e 4+ aXax |e. (9) 
Finally, multiply (8) into 4, and we have 
po a==(Sxe'e + a, (10) 


an equation which determines (=e, + ») as lying on a certain straight line 
parallel too. pa|o +o is the projection of » on a plane perpendicular to a; 
hence 


I v 
4+ 


is the perpendicular distance from ¢, to the axis of the resultant screw. 


Product of two Screws —Let S, =e, + 4, ¢, and S,= e,¢, be two 
screws; then 


Now, remembering that |¢, and |¢, are lines (point-vectors) at %, we see that 
each of these terms is the product of two lines in solid space, and therefore 
scalar; the last term, being the product of two lines in the plane at o, is zero; 
and finally that ¢,¢, | ¢, = ¢, | = == Hence 


S, Sq = + (@, + ay) & | & = (a, + a,) cos — sin (11) 


if D is the perpendicular distance between ¢,¢, and ¢,¢,, and @ is the angle between 
them. This expression Ball calls the “virtual coefficient” of two screws, and 
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obtains it by a comparatively complicated mechanical process. The third mem- 
ber of (11) is obtained on the supposition that 7¢, = 7,—= 1, which we shall 
always assume to be the case when the contrary is not expressly stated. 

if S,= S,, we have 

S? = (12) 

From this equation we find at once the condition that a screw shall reduce 
to a line, viz:— 

When 5,58, = 0, and S, are said to be rectprocal screws. 

If # be some point, then /S is a plane, for it is the same as pes | apy, 1. e. 
the sum of two planes, and therefore a plane through their common line, which 
is the perpendicular from / on es. 

The following formulz are easily proved by putting in the value of S, S 
being taken as unit screw :— 


S.p,S = ap,, (14) 
— Pi pr» (15) 
Spy Shs = (Pi + PsPrS + Ps- (16) 


If we substitute 7” a plane, for f, a point, we obtain a set of reciprocal formule, 
which may also be easily proved independently. 


S.PS=aP, (17) 
SP,. SP, = SP,P,.S — aP,Py (18) 
SP, SF, = + S + &.F (19) 
é, 
; raking next a reference tetrahedron ¢yc,¢,¢3, let the six edges 
Pd be represented by /,, . . . 4;,,as shown in Fig. 2, i. e. A, = e¢,, ete. 
/)s ' A. ‘Then it may be easily shown that any screw may be expressed in 
/ + \ terms of these six edges with proper coefficients; thus, 
| \ 
S = Sx. (20) 
1 
lig. 2. The 2’s may.be subjected to one condition which affects only 
the magnitude of S, and not its position in any way; namely, 
(21) 


in which C may have any numerical value, such as unity. There remain, there- 


fore, five independent and arbitrary constants for determining S, so that it may 
be subjected to five conditions. . 
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Let S, = AA, S, = SBA, . . . S,= SEA, be any five screws; then the five 
conditions before mentioned may be taken as 
SS, =0= Ayr, + Ay, + Agr, + 4,4, + Apt; + Apts, 
$S,=0= 84, + . 
(21a) 
from which five equations the ratios +, /2,, +, /2,, etc., can be found, and thus 
the position of S completely determined. fence a screw may be found reciprocal 
to any five screws whatever. 
Any six screws may be taken as a reference system instead of 4, . . . 4; 
for, writing 
+ (22) 


+= 2,5, + 2 


we have five arbitrary constants. If be reciprocal to s,, s,, . . . 55; to 
. . . etc.; then multiplying (22) successively into s,’, s,’, etc., we have 


Sal 
(23) 
SS, 
If s,,. . . 5; be so taken that each is reciprocal to all the others, as may evidently 
be done, then these screws form a co-reciprocal reference system, and s, may be 
substituted for s,’, etc.; thus (23) becomes, if 4,, &, etc. be the pitches of 5,, s,, etc., 


If s,, . . . 5, be co-reciprocal, we obtain the pitch of S at once in simple form by 
squaring (22) or (24); thus, 
S* = + 427+ ... 
(Sig) 


Reciprocal Screw Systems.—Let a variable screw S be subject to one condi- 
tion; then it belongs to a screw system, or complex, of the fifth order. Let the 


condition be 


Ss, = 0, (26) 
and let s,, . ... 5, be five screws, each reciprocal to s,; write also 
6 
= 2s, (27) 


in 
2 
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so that S’ is a variable screw dependent on s,, . . . 5; Then we shall have 
Fh (28) 


because 5,5, == 5,5, .. . 0. Hence S’ is subject to the same condition as 5S, 
and therefore they belong to the same system, of the fifth order because dependent 
on five screws. Equation (28) shows that s, is reciprocal to every screw of the 
system dependent on s,, . . . 55. 


Next let S be subject to “wo conditions ; viz:— 
== Sa, (29) 


then it belongs to a screw system, or complex, of the fourth order, because 
dependent on four screws. Let 55, . . . 5, be four screws each reciprocal to 
both s, and s,, and write 


(30) 


Then S’s, = S’s, = 0, and .S’ belongs to the same system as S because subject to 
the same conditions. Write also 


(31) 
(32) 


then 


so that every screw dependent on 5;, . . . 5, is reciprocal to every screw dependent 
on s, and s,. These are reciprocal screw systems. 

Reasoning in the same way we may show that a system subject to three 
conditions, 


Sa, St, Se, == 0, (33) 


is of the third order, being dependent on three screws, 5,, 5;, 5;, each of which is 
reciprocal to s,, s,, and s,; while the system dependent on s,, s,, and s, is recip- 
rocal to the first system. 

In discussing these systems in detail it wil! be convenient to consider 
together the pairs of reciprocal systems. Conditional equations of higher 
degree than the first may, of course, be used, but such will not be treated in 
this paper. 

Systems of the first and fifth orders —The system of the first order is subject 
to five conditions, which, as we have previously seen, completely fix a single 
screw; hence this system consists of only one screw, and we will proceed to the 
consideration of its reciprocal, or the one-conditioned system of the fifth order, 
whose equation is 


(34) 
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Write S = po + z\o and s, = 4,8, + @,|¢,; then 


Ss, = poee, + (a, + s)a|¢, = poese, + (a, + 2)po ¢, 
say, in which 1 =o and s,! = ¢,¢, + (a, + 2)\¢. Hence we may write for 
equation (34) 
ie! =O, (35) 
an equation of identical meaning, but arranged so as to have a variable “ne 
reciprocal to a screw whose fitch is variable. The advantage of this arrangement 
is, that we can first regard the pitch of s,’ as constant, determine the meaning of 
the equation in this case, and then generalize by making the pitch variable. 
First, then, we will suppose s to have some constant value, say zero, so that 
s,/=5,. The locus of Z in this case is Plucker’s “ Linear Complex” as treated, 
entirely by Cartesian methods, in his Neue Geometrie des Raumes. Those who 
have read that work will notice the simplicity and brevity of the present methods 
as compared with his. 
Let / be a variable point, and /, a fixed one, and write 2 = f/,, so that Z 
varies in such a way as to pass always through a fixed point. Then (35) becomes 


PPS, = O. (36) 


This is the equation of a fixed plane /,s,, and shows that ad/ dines of the system 
(35), 2 being constant, which pass through a fixed point, le in a fixed plane. 
Let P be a variable and P, a fixed plane, and write ?7, = 1; then we have 
(35) in the form 
= 0, (37) 


the plane equation of a fixed point, which shows that a// lines of the system that 
lie in a fixed plane pass through a fixed point of that plane, a statement reciprocal 
to the preceding. Thus to every point in space corresponds a definite plane 
passing through it, and to every plane a definite point lying in it. 

Now suppose z to vary; then the plane /,¢,¢, remains constant, while the 


other part of viz: (a+ varies in magnitude; 
hence, as shown in Fig. 3, the plane fs,’ will revolve ‘7 //' / 
around the perpendicular from /, on as an axis, through “ 
180°, by giving all possible values to z. Hence it appears f[ 
that every line in space that passes through a fixed point is | / /--—---- t- 
the axis of one screw, of some definite pitch, of the system el | 4 (2216, if : 
Ss, = 0; and, since this point may have any position what- i’ 
ever, it follows that every line in space is the axis of asingle CL —-—-—~ — SN 


screw of this system. The lines cutting ¢,¢, at right angles 
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are peculiar lines, for each of them is the axis of an infinite number of screws 
belonging to the system. The line ¢,¢,, the axis of s,, is called the axis of the 
System. 

Regarding z as zero again, we proceed to show that ¢o every line, L,, in space 
there corresponds a line s,. 1,8, — 41, = gly, say, such that the corresponding plane 
of any point on one line passes through the other, and, reciprocally, the corresponding 
point of any plane through one line les on the other. These lines are called conju- 
gate polars, and it follows, from the relation between them just given, that every 
line that cuts a pair of conjugate polars belongs to the system Ls, = 0. 

If Z, belong to the system /s, = 0, then Zs, = 0, and the conjugate polars 
are coincident. Hence every line of the system may be regarded as two coin- 
cident conjugate polars. 

Let /, be any plane through ¢Z, and Ps, its corresponding point; then we 


must have 

=0= Ps, 
whence 

a 
PL; 

| LA 
that is, the corresponding point is where 7, cuts Z,. If we substitute /,, a point, 
for /,, we have 


= 


“1? 1 


that is, the plane corresponding to /,, a point on ¢gZ,, passes through Z,. 
To bring out still more clearly the reciprocal nature of Z, and ¢Z, we will 
show that ¢(¢Z,) = ¢?/, ‘is a constant times Z,. We have 


¢ = 5.51 — — a — 
= 24,.5,.5,L, — 2a,.5,.5,L, + aL, 
=al, Q. E. D. 

Next suppose Z, to be at «,and replace it by 7. Then to points on ¢7 
there correspond planes through these points and the line 7 at o ; that is, a 
system of parallel planes. gy is always parallel to ¢,¢,, the axis of s,, for 
GY = — = + — 4); 


that is, ¢7 is the line ¢,¢, + a plane-vector not perpendicular to it, which is equiv- 
alent to a screw (in this case a /ine) parallel to ¢,¢,. The system of parallel lines 
¢7, obtained by giving all values to 7, is a system of diameters of the complex 
Ss,=0. When 7= | &, gy becomes simply ¢¢,; so that the axis of the com- 
plex is perpendicular to its corresponding planes. 
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Conversely, the conjugate polar of any diameter is a line at o. For, let e¢ 
1 
be some diameter; then 


= — = (4,8, 


a, | — aes, =a, (e, — + 


. 


a plane-vector, or line at «. 
The three lines ee, L,, and ¢L, have a common perpendicular, t.¢. all three cut 
at right angles some fourth line, For \et L’ be a line cutting at right angles ¢e, 
and Z/,, then it must satisfy the equations of condition = 0, and 
L’s, =0, the last by equation (11); hence Z’¢Z, = 0, so that L! intersects 
Again we have ¢Z, = s,.s,4,— @,/,, which is of the form of equation (6), and 
equation (7) shows that, in this case, the directions of ¢/,, ¢,, and Z, are all par- 
allel to one plane, and therefore perpendicular to L’. 
The equation 


6 


«2(xS)=0 (35) 
1 
ts the condition that six screws S\, . . . Sg shall belong to one screw complex of the 
jifth order, For, find a screw, S’, reciprocal to each of the screws S,, . . . S;; 


then we have $’S, = S’S, = S’S, = S’S,== S’S,=0, and consequently, also, 
S’S, = 0, so that all the screws belong to the system whose equation is SS’ = 0. 


This condition may also be expressed in terms of S,, . . . S, without scalar 
coefficients; for, multiply (38) successively by 5, S,, . . . S,, obtaining thus 
six scalar equations, from which, eliminating 1, . . . 1, we have the following 
determinant, in which for convenience we have written 11 for SS, 12 for S\S,, 
etc.; viz:— 

Il 12 13 14 15 16 | 

21 22 23 24 25 26 | 

41 42 43 44 45 46 

51 52 53 54 55 50 


61 62 63 64 65 66 


Screw complexes of the second and fourth orders.—The equation of the second 


order complex may be written 


Taking this as a particular case of equation (6), we have 


ev. 


: 
(41) 
o2 = x7 + 4,7 4- 24,428, | €,, 
< 
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po 


2 ~ 2 (42) 

= + 2) + + (2¢ + d) ary. & + (@, — 
in which ¢, and ¢, have been taken at the ends of the common perpendicular 
between ¢,¢, and ¢,2,, ¢ is at some point on this perpendicular at a distance ¢ from 


hig = whence 


and 4 =O. 


If, in (42), we put ¢ for ¢.o a/a? inthe second term of the second member, 
y will extend from ¢, to the end of 4; if, then, we give +, and x, all values, Zo 
will vary from 0 to 2, while Ua revolves about ¢,¢,, so that the end of » moves 
on some surface, the locus of the axis of S in equation (40), which becomes 


9 +e ay? + [(2¢ + 2) & + — a) (43) 
In this equation let c= <¢,'¢,, that is, cg, and ¢,¢ intersect at right 
angles and ¢,, ¢,, and ¢, coincide; then (43) reduces to 

ly 


(a, — a) 


(44) 
ay + 

in which 4, ¢ have been substituted for ¢, ¢,. This is the equation of a third 
degree surface which Ball has called the cy/indroid. We shall show that, by 
changing the origin and reference vectors, without making the conditions 
c= =, ¢,=0, (43) can always be reduced to the form of (44). We will 
first intersect the surface by the plane through the origin perpendicular to 6, 
whose equation is o = 12, + 2, This value of » in (43) gives the coefficient 
of ¢, as equal to zero, whence we find 

J A2 _| 

(A? + B) (45) 


in which + d)e,| (a, — (46) 


and 

As we have two definite values of x,/, the section must be two right lines, and 
we will see if it is possible to find such a value of c; that is, such a position of 
the origin on ¢,c, as will make these two lines to be at right angles. Putting in 


the values of 4, and «,, we have 


-+ Eq = 208, | [A ry (A? | B) or = 2¢é, -+ [A (A? + B)| 
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If these two vectors are perpendicular to each other, we must have 


{2ce, + [A + + B)]e,} | (2ce, + [A — (4274+ 


40° — B+ 4cde,|e,= 0 = 82 + 40d 4 [(a, ») — 
= (a, — a,) cot a; 
and c=4[(a,— a) cot w — 9], (47) 


if w is the angle between ¢, and ¢,. When c¢ has this value the section is two 
perpendicular lines. For brevity write a, — a, = d,; then (45) and (43) become 
respectively 

4,__ —d,cosecw+y(d/ 


d, cot — (49) 


[3(d, cot w + + 4(d, cot — + d,x,x, cosec (49) 
a 


We will next express ¢ in terms of unit vectors along these two perpendicular 
lines. Write 
= + 


whence 


, 
= 


and 


These plane-vectors all have the same unit, viz: |¢, which may therefore be 
divided out; then, if we call @ the angle between « and ¢,, we have 


4, = sin (0 w) — cos w) | cosec w 


and 4, = (— sin 4 + cos @) cosec wo. 


If we substitute these values of z, and +, in equation (49), and equate to zero the 
coefficients of x, and +,”, that equation will be reduced to the form of (44). 
Writing for brevity 


3(d, cot w + d)=C, 4(d, cot — 2)= D 


the above process gives 


C sin? (@ + w) + D sin? 6 — d, cosec w sin @ sin (w + @) 


C cos? (@ + w) + D cos? — d, cosec w cos @ cos (w + 4) 


These equations are not independent, for on adding them @ is eliminated, and 
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the resulting expression in terms of the constants vanishes identically. Hence 


they are consistent, and either will give the value of 4 We obtain for @ the 
value 
(@,— cot w 


tan 24 = , (50) 


cot w — a, a, 


and equation (49) reduces (dropping primes) to 
51) 


We have thus shown that the locus of the axis of S in equation (40) is always a 
cylindroid, a third degree ruled surface all of whose generators are perpendicular 
to the common perpendicular of s, and s,. This surface is very fully discussed 
in Ball’s “Theory of Screws.” If we square equation (40) we obtain the value 
of the pitch, 


A 


+ ar? + + a,) cos — sin a]. 


If so, so that S becomes a “ue, we have a quadratic for determining +, /%, 
showing that there are two screws of zero pitch on the cylindroid. Similarly 
there are two screws of the second order system having axy given pitch, and 
only two. 

We will now consider the fourth order complex given by the equations 


(53) 
or, proceeding as in equations (34) and (35), by the equivalent equations 
om = O. (54) 


As in treating the fifth order system, we will first regard the pitch of S as 
zero, so that s,’ = s, and s,’ = s,; also, as in that case, let L = pp, = PP,. Then 
we have for any point f, two corresponding planes /,s, and /,s, whose common 
line belongs to the screw system under consideration. Thus, with ¢ constant, 
one line of the system passes through each point of space. Similarly for any plane 
P, we have two corresponding points, /)s, and /s,, through which a line of the 
system passes, so that ove Line of the complex lies in cach plane in space. It is 
evident that the present system consists of all the lines common to the two fifth 
order systems 4s, =o and /s,= 0. The fifth order complex 


+ &s,) =0 (55) 
also contains every line of the present system, for (55) is satisfied when the equa- 
tions Zs, =o and /s, = oO are satisfied. If # vary, the equation 


S = 4, + (56) 
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represents a cylindroid to every screw of which every screw of the system /s, = 
Ls,==0 is reciprocal. If S’ be a screw of zero pitch, i. e. a “ve, then 7 must 
intersect it, and we have seen that there are fwo such, real or imaginary, on every 
cylindroid. If S’ be a line, we must have 


=O = 2a, + + 


whence 2a,k = — 5,5, + — 40,43]. (57) 


Thus, when the values of & are real, every dine of the system Ls, = Ls, =0 cuts two 
fixed straight lines; viz. the two screws of zero pitch belonging to the cylindroid 
5, + &s,. These two lines are the directrices of the system. The common perpen- 
dicular of s, and s, may be called the axzs of each of the reciprocal systems 
5, + &s,.and Ls, = Ls, =0. 

The above result may also be obtained thus: If any four values of Z be 
given, say all reciprocal to both s, and s,, then these lines deter- 
mine the system, and its equation may be written 

Now two lines may in general be drawn cutting Z,, Z,, Z,, and 2, by generating 
a skew quadric on three of them which will be pierced by the fourth in two 
points real, coincident, or imaginary through which two lines real, coincident, 
or imaginary can be drawn‘cutting 4,,... 2, Call these two lines J, and A; 


then, by (58), every line of the system will cut 4, and .A,, and the equations of 


the complex might be written 
LA, = LA,=0. (59) 
The axis will be the common perpendicular of 1, and A. 

It appears at once, from this point of view, that one line of the system passes 
through each point of space, and lies in each plane in space, as we saw before; 
for a line can be drawn through any point cutting two given right lines, and any 
plane will cut 4, and 4, in two points fixing a line of the system. 

Resuming the value ff, of Z, let f, move along a line /,; then the corre- 
sponding line of /, (i. e. the line of the system through /,) must cut both ¢,Z, 
and ¢,/,, so that to every line in space there corresponds a skew quadric, of 
which this line is one directrix. Since the corresponding lines of Z, also cut .1, 
and A,, it appears that-Z,, ¢,/,, ¢/,, 4,, and .1, are all generators of the same 
generation of a skew quadric. 

The directrices A, and A, are conjugate polars with reference to each of the fifth 
order systems, Ls,==0 and Ls, = 0. 

If we call the two values of & in (57) 4, and &,, we have 4,4, = a, / a, or 


(60) 
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We are to show that ¢,1, = constant A, and ¢,4, = constant  A,. We have, 
since A, = 5s, + £59, 


But a, + + 
whence = — (a + 

GA, = 14S, — 5,(@, + a,k,*) = — a,k,?(s, + —L.5,) 

af, 
= — a,k,?(s, + = Q. E. D. 
Similarly we find 
= + AyS2) = — a, (5, + -. = — aA, 


We may also easily show in the same way, that J, and A, are conjugate polars 
with reference to the system (s, + 4s,)=0. For, calling the function in this 
case ¢’, we find 


¢’A, = — a,(k — PA, (61) 


When 4, = /», 1, and A, coincide, and we have seen, in discussing the fifth order 
system, that in this case .1,(= .1,) is a line of the system Zs, = 0 and also of the 
system /s,—= 0, and consequently of the system Z(s, + 4s,) 0, and of course 
of the system /s, = Ls, = 0. 

If ., and .1, are coplanar, since one line of the system passes through each 
point of space, and all lines cutting 4, and A, belong to the system, it appears 
that the complex consists of all lines through the common point of 4, and A,, 
together with all lines in their plane. 

We will now remove the restriction on the pitch of the fixed screws, taking 
z as variable. The equations of the complex are 


LE [ee + (4 + =o= L [ee, + (@ + 2)| 


thence _ Ls, 
whence Lia = (62) 


an equation of the second degree in Z, representing a line system of the fifth 
order and second degree, the locus of axes of screws of the system Ss, = 
Ss,=0. Write pf, for Z, » being a variable vector and /, a fixed point, and we 
have a homogeneous equation in p representing a cone of the second order, the 
locus of the axes of all screws of the system Ss, = Ss, = 0 which pass through 
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p;. If we write PP, for Z, we have a homogeneous equation of the second degree 
in P, showing that the axes of screws of the system which lie in ?, exvelope a 
conic. 

Again, write fe for Z in (62), in order to find the locus of screws of the sys- 
tem having a given direction; thus we find 


| pees, + a pe = + | £2). 


But = € &, etc.; whence 
=4-«, (63) 


the equation of a plane parallel to «. If ¢ have successively all directions par- 
allel to /,, then (63) will represent a series of planes each cutting P, in a line, the 
axis of the only screw of the system Ss, = Ss, =o that lies in ?, and is parallel 
to «. Hence it appears that the envelope of the screws in /, is such a conic as 
has only one tangent in a given direction; that is a paradola. 

If pp, be put for g, and /, be taken on the cylindroid S’ = s, + #s,, then the 
cone of screws having its vertex at f, reduces to two planes through /,._ For, let 


S’= L’ + |\(e, + he.) = 5, + hs, = + a, & + 
«ae, + (a, —2’)|e, + + (a, — 2’) = 5,’ + s,’, 
say. If, be on the cylindroid, we must have for some value of ¢ 
O= pL! = p, + sy!) = ps, — & + APS, — | 
Equation (62) becomes 
PP Phi = Phi 
or, substituting for /,s, from the preceding equation, 
or Pp, (& + =0, (63a) 


an equation representing two planes through /,, of which one is the corresponding 
plane to /, in the system Ss, = 0, and the other is perpendicular to the screw of 
the cylindroid on which /, lies. Since 


whence pis’ = — 


it appears that, when /, is on the cylindroid, its corresponding planes with refer- 
ence to Ss, = 0 and Ss, = 0 are coincident. 
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The screw system of the third order—Let the equations of such a system be 
St, == Ss, = Ss, == 0, (64) 
which may also be written, as before, 
Ls! = ©, (65) 
in which | etc. 
For any one of the equations of (64) we may substitute 
S(s, + &s, + = 0, (66) 
and for any one of (65) we may substitute 
L(s,! + &s,! + #'s,’) =0. (67) 


To the system represented by (64) belong all screws common simultaneously to 
the three fifth order systems Ss, = 0, Ss, = 0, and Ss, = 0, and also belonging 
at the same time to all the systems obtained by giving different values to # and 
k’ in (66). 
As in previous cases, we will first consider the case when z = 0, or s,/ = S, 
etc., so that (67) becomes 
L(s, + bs, + 's,) =0, (68) 


and every line of the complex is reciprocal to every screw obtained by giving 
different values to & and &’ in the expression 


5, + RS, 


All of these screws whose pitch is zero must be cut by ZL; let such a screw, or 


line, be 4; then writing 
A= 5; Pt, 


we have 1A =o= a, + Pa, + ka, + -+ + S55). (69) 


This equation is satisfied by an infinite number of values of £ and #’, and hence 
A may occupy an infinite number of positions. In every one of these positions 
it is cut by every Z of equation (68); hence the system Z and the system A must 
be the generators of the two generations of a skew quadric. This result may 
also be obtained as follows: Put ff, for 2; then /,5,, 7,52, 7:5, are the three corre- 
sponding planes of f,. All lines of the system Zs, = 0 passing through /, lie in 
f\5;, and similarly for the other two. If these three planes have a common line, 
this line must belong to the system Zs, = Ls, = Ls,=0. The condition that 
they shall have a common line is 
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If , move subject to this condition it must always lie on some line of the sys- 
tem, and hence the locus of /, will be the same as that of Z. The product of 
three planes in general is their common point times a scalar quantity, and, as /, 
is evidently a common point in this case, the product may be written 


Now /,, being a unit point, cannot be zero; hence the scalar part must be zero, 
and we have, dropping the suffix of the /,, because the point is to be a variable, 


$3.53). PS, PS; - = O. (70) 


This, being an equation of the second degree in f, represents a quadric, which 
from the nature of the case must be, in general, an hyperboloid of one sheet. 

To treat the case when the pitch of S varies, we have only to put s,! = s, 
z|¢, for s,, etc. in equation (70), thus obtaining 


psy’ = + (Ss 5 &)p=0. (71) 


For any given value of s this equation represents a skew quadric. Thus the 
locus of Z in (65) is an infinity of skew quadrics obtained by giving all values to 
zin(71). If two reciprocal screws have respectively the pitches s and — z, by 
equation (11) they must ¢z¢ersect; thus all screws of the system Ss, = Ss, = 


Ss, = 0 having the pitch < intersect all screws of the system S’ = 25, + 2,5, + 
4,5, having the pitch — s, and vice versa. Thus, for any given numerical value 
of z, the screws of the two reciprocal complexes are the two systems of gener- 
ators of the skew quadric (71) with that value of <. 

Suppose (71) to pass through some definite point f,; then the equation 
must be satisfied when we put /, for /, and we have 


+ | + (5, + &) = 0, (72) 


a cubic in 2, from which three values of s may be determined such as will satisfy 
the equation. Hence three surfaces of the system (71) pass through /,, and con- 
sequently three screws of the system Ss, = Ss, = Ss, = 0, as well as three of 
the system S’ = 2,5, + +5, + +,5;, pass through any given point. 

Let 2, 2, 2, be the three roots of (72); then, as this equation was found by 
making the condition that the corresponding planes of /, should have a common 
line, it follows that, with the above values of z, the products of these planes two 
by two will be the lines of the system (65) which pass through /,. The three 
lines are therefore 

+ €1)- Pi (Se 
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If 7, be at ~, call it ¢, substitute in (72) and expand. It will be found that the 
<* term, and all terms containing s* disappear, leaving an equation of the first 
degree giving one finite value of s. Hence through every point at , i.e. in any 
given direction, we have only ove screw of finite pitch. The same would appear 
from equation (63), for this is the equation of a plane containing all screws par- 
allel to common to the systems Ss, == 0 and Ss, =o. We shall have in the 
same way a plane containing all screws parallel to ¢ and common to the systems 
Ss, = 0 and Ss, = 0, and the common line of these two planes will belong to all 
three systems. This line is given then by any two of the equations 


Ay, 


which evidently represent planes having a common line, since, on adding, they 
vanish identically. 

We will conclude this paper with a few words as to polar and conjugate 
SCrews. 

Let ¢S be any linear, self-conjugate screw function of S, i. e. each term is 
of the first degree in S, and not scalar, and 


SoS! = S'¢S; 
and let S’ be such a screw as will satisfy the condition 
= 0; (75) 


then S and S’ are conjugate screws, while S and ¢S, as well as S’ and ¢S’, are 
polar screws with reference to a screw system of the fifth order and second 
degree whose equation is 

S¢S = 0. (76) 
Taking the above as a definition of the terms conjugate and polar as applied to 
screws, we will show that the corresponding lines which we have called “ conju- 
gate polars” in discussing the fifth order complex, are rightly named, being both 
conjugate and polar to each other. We showed that when 


gL=s,.Ls,—a,L, 
then GL = 
Write gL= TL’, 
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then we have L’ =O, 
which proves that Z and L’ are both conjugate and polar to each other. 
Whatever be the form of the linear self-conjugate function ¢, there may always 
be found one system of six screws which are all conjugate to each other and also 


co-reciprocal; that is, if the screws be 5s), 5, . . . sy, they will satisfy the condi- 
tions 


= = 


= = 


We have seen that five conditions are necessary and sufficient to determine 
one screw, and hence thirty conditions will determine six screws; but the two 
sets of conditions above are thirty in number, so that the six screws may always 
be found. To determine them, we have only to solve the equation 

¢S gs, 


or (¢ —g)S=0; 


in which g is a scalar. For, let S|, g, and S,, g, be two pairs of values which 


satisfy (77); then ¢S, = g,S, and ¢S, = g,5,; whence S,¢S, = g,5,5,, so that, 


if S,S,—0, SgS,=oalso. Let 5, 5, . . . s; be any six screws whatever, and 
multiply (77) by each of them; therefore s,(¢ — g)S = S(¢ — g)s, = 0, and so 
on for the other five. If S is to be reciprocal simultaneously to each of these 
six screws (y — g)5,, (¢ — g)5z, etc., we must have by equation (38), 


6 


—g)s]=0. (78) 


Eliminating 2, 2, . . . 4 as in equation (39) we obtain an equation of the sixth 
degree in g, from which six values of g may be found. If any one of these values 
be inserted in five of the equations — g)s, = 0, S(¢ — g)s, = 0, etc., the 
corresponding value of S may be found as in equations (21a). 

Whatever may have been the original form of ¢, if it be expressed in terms 
of these six co-reciprocal, conjugate screws, it is easily shown that it will have 
the form 


(79) 


in which z has the values 1 to 6 inclusive. 
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ON MONGE’S SOLUTION OF THE NON-INTEGRABLE EQUATION 
BETWEEN THREE VARIABLES. 
By Prof. WILLIAM WooLsry JOHNSON, U. S. Naval Academy. 
1. When the differential equation 
Pdx + Qdy + Rds =o 
does not satisfy the condition of integrability, 
dO =| LQ (dR LR & 
ay | dr az. dy ax. 


its solution can only be expressed by means of two integral relations between 
x, y,and z. In fact, strictly speaking, a particular solution of (1) is in any case 
constituted by two equations and is geometrically represented by a line in space; 
the peculiarity of the integrable case being that all the lines representing partic- 
ular integrals which pass through a given point 4 lie upon a definite surface 
passing through A. The equation of this surface (if it contain an arbitrary con- 
stant so that A may assume any position in space) will in that case constitute a 
general solution, or integral, each particular solution being made up of this 
integral and another equation which may be chosen in a perfectly arbitrary 
manner. 

2. The geometrical distinction between the integrable and non-integrable 
case is usually illustrated by the consideration of an auxiliary system of lines; 
namely, the lines which satisfy the system of equations 

dx dy as 
2) 


These lines constitute a doubly infinite system of lines in space, there being one 
line of the system, and only one, passing through any selected point A. Equa- 
tion (1) then simply restricts a moving point to such paths as cut orthogonally 


at every point the auxiliary system (2). In the integrable case the auxiliary sys- 
tem of lines admits of a system of orthogonally cutting surfaces, and it is suffi- 
cient to say that the paths of the moving point (representing particular solutions 
of (1)) lie on the orthogonal surfaces, being otherwise unrestricted. 

3. In the non-integrable case no such surfaces exist. We may first consider 
the restricted problem: “Assuming in advance one relation between 2, y, and z, 
to determine the particular solutions of (1) which are consistent with the assumed 
relation.” Geometrically, we thus assume a certain surface, and require the par- 
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ticular solutions of (1) which lie on this surface. At every point of the surface 
it is pierced by one of the lines of the auxiliary system, and there is in general 
but one direction upon the surface which is perpendicular to this line, and hence 
but one direction in which a point obeying equation (1) can move upon the 
assumed surface. Thus the solution of the restricted problem is represented by 
a singly infinite system of lines upon the surface determined by an additional 
integral equation containing one arbitrary constant. 

4. When we attempt a general solution the equation of the assumed surface 
must contain an arbitrary function, but it is not necessary that it should be wholly 
arbitrary. For it is only essential to a general solution that it should include 
every particular solution. Consider now any particular solution of (1) repre- 
sented by a line in space; it is only necessary that the assumed surface should 
be capable of containing this line. For example, it may be assumed as a cylin- 


drical surface, 
=S (+), 


whose elements are parallel to the axis of s, for such a surface can be passed 
through any given line. The additional equation which with vy =/(+) consti- 
tutes the solution will contain an arbitrary constant C, and any particular solution 
will be included in the general solution when we give a special form to the func- 
tion f, and also a special value to the constant C, 

5. Now the peculiarity of Monge’s solution is due to the mode in which the 
arbitrary surface is formed, which is as follows: Let / = C be an integral of the 
equation /dx + Qdy =o when « is regarded as constant, and # the corre- 
sponding integrating factor; then 

V= ¢ (2) (3) 
is the assumed form of the arbitrary surface. The differential equation of this 
surface is then 
dV 
dz 


y’ (2) as = O, (4) 


pPdx + + 


which is identical with equation (1), if 


identically ; but this is only possible when 


“dV 
—— 
ds 


happens to be a function of s only, which is only another mode of stating the 
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condition of integrability. But when ¢ in (3) is chosen arbitrarily, (5) is a rela- 
tion between +, y, and z which together with (3) satisfies equation (1) and 
constitutes Monge’s general solution. Thus the additional equation which con- 
stitutes the solution in this case is not found by integration, and contains no 
arbitrary constant. 

6. It is to be noticed, however, that had the question been, as in section 3, 
that of determining the particular solutions of (1) which lie on the assumed sur- 
face (3) we should have had, as before, a singly infinite system of lines upon the 
surface. For, from equations (4) and (1) we can derive dz = 0, of which the 
integral is 


(6) 


Thus upon the surface (3) we have the singly infinite system of solutions deter- 
mined by (6); namely, the horizontal sections of the surface; and we have also 
the, so to say, singular solution determined by (5). It is now curious to note 
that when ¢ is made arbitrary, the general solution is made up not by the integral 
(6) which contains the arbitrary constant, but by the singular solution (5). 

7. The geometrical interpretation of this fact is of interest. It is obvious 
from the mode in which the function was determined that every horizontal 
section of the surface = ¢(zs) is a particular solution of (1). In fact V= ¢(z) 
is a surface passing through a consecutive series selected out of the doubly infi- 
nite system of lines which constitute the horizontal solutions, so to speak, of (1). 
In other words, it is a surface of which the horizontal elements are members of 
the system just mentioned. Consider now, as in section 4, the line in space 
representing any particular solution of (1) which we wish to show to be included 
in the general solution. The function ¢ can be so determined that the: surface 
V = ¢(s) passes through the given line. Then the particular integrals which 
lie upon the surface = ¢(<) are its horizontal sections determined by (6) and 
the singular solution determined by (5). Among these must be found the line 
representing a particular solution with which we started, and since this line is 
not in general capable of lying in a horizontal plane, it must be the singular 
solution corresponding to the surface determined. Thus every particular solu- 
tion may be included in the solution consisting of equations (3) and (5) by giving 
a special form to the function ¢; except the very restricted class of solutions 
which is included in the solution consisting of equations (3) and (6), or say of the 
equations s =c, V=C. 

8. The relation of the singular solution to the auxiliary system of lines (2) 
is noteworthy. As mentioned in section 3 there is, in general, at a given point 
of the surface but one direction in which a point can move perpendicularly to the 
line of the auxiliary system which there pierces the surface. But the singular 
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solution is the locus of the points at which these lines pierce the surface 
orthogonally, so that a point may move along the singular solution and cut 
all the auxiliary lines it meets orthogonally. 

g. The points considered in this paper may be illustrated by the following 
example: “Find the equation which must be associated with 2? 4+- 7? = ¢(s) in 
order to give an integral of 


— a) + y (vy — 4)] dz = (2 —c) + ydy).”* 


The assumed equation is in accordance with Monge’s form, the value of » being 


2/(s—c). If¢ is a given function, and we require all particular solutions which 
are consistent with the given equation, we must employ both the equations <= C 
and 


(s) = — a) + (yy — 


But if ¢ is arbitrary, the latter equation is that which must be associated with 
a? + y? = ¢(z) to include every solution of the differential equation except the 
solutions which are of the form 


’ 


+ = C". 
The auxiliary system (2) is in this case 


a(s—c) ple—e) a(4—a)+y(y — 0) 


of which the integrals are 


y= ax 


and (4 — a? + (y— 6% + —c¥ 


so that the auxiliary system of lines consists of all the circles in planes passing 
through the axis of s, having their centres at the feet of perpendiculars from 
(a, 6, c) upon their planes. The form of the assumed surface, 


¢(2), 


is that of a surface of revolution having for its axis the axis of <, the horizontal 
circles which form the elements of such a surface cutting the auxiliary lines at 
right angles. 

Now suppose for example we give to ¢(s) the form 4? — <, so that the 
assumed surface becomes a sphere having its centre at the origin, then the lines 
upon this sphere which represent particular solutions of the given differential 


*Forsyth’s Differential Equations, Ex. 3, p. 252. 
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equation are the system of horizontal circles of the sphere, together with the 
single line which is its intersection with 


- : — a) + — 4)]; 


that is, with 
ax + by + cs = PF. 
This last circle, the polar of the point (a, 4, c) upon the sphere, is in fact readily 
seen to be the locus of the points at which the auxiliary lines pierce the sphere 
orthogonally. 
10. With regard to the general solution of the equation 


— a) + — ds = (2 — + ydy), 


it is also to be noticed that there is one particular integral which is of the nature 
of the solution in the integrable case; namely, zc. The plane z=c, in fact, 
cuts the auxiliary system of lines orthogonally, and is the only surface which 
does so. Accordingly, the general solution consists of all curves in the plane 
<=, the circles defined by 


~ 


and the curves defined by 
= ¢(s), 


-¢) ¢! (2) = 24 (4— a) + 2y(y — 4), 


in which ¢ is arbitrary. 
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A THEOREM IN FACTORIALS. 
By Mr. J. F. McCuLtocn, Adrian, Mich. 


Let the indicated product 
a(a—d)(a—2d)...[a—(n—1)a] 


be expanded by multiplication into the series 


o,(n)a"—'d + + .. . ¢,_(n)ad"—", 


¢,(%), ¢(2), . . . being functions of ~ whose form does not depend on the 
value of x. 
Let the symbol ,a,, whatever the values of a, d, and a, be defined by 


= a" + + +... (A) 


Then let us consider the following 


THEOREM.— +- == + + — 


I. Let n be a positive integer. 
In this case, from (4), 


(t+ +y— 2d)... [4 +y—(e—1)4], 
at, = 4(4— d)(x— 2d)... [x —1)d], 
1 = 4(a —d) (x — 2d)... [x —(n — 2)d], 


Let us assume the theorem true for any particular value of ”, and multiply 
both sides by x + y — nd. The left side obviously becomes ,(# + y),4;. In 
multiplying the (7 + 1)th term of the right side, separate + + y — xd into 
a—(n—r)dand y—rd. The (rv + 1)th term, 


n(n 1) (x — (x r+ 


multiplied by « — (~ — r)d equals 


r! 


dtp dd ry 


I 6 I 
n(n —1) 
)(n—2) 
n(n —-1)(n—2 
3! 

|| 
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and multiplied by y — rd equals 


n(n —1)(n —-r-+I 


The 7th term treated in like manner will yield the two products 


n(n —1)(w—2)... 


1) (7 


The first of the first pair of products and the second of the second pair are the 
only terms of the product of the right side by « + y — xd in which 9%, _,41-aJ 
will appear. The sum of these will therefore be one term of the complete pro- 
duct; viz. the (7 1)jth term. But this is identical with the (7 + 1)th term in 
the expansion of ,(a -}-_”),4, by the theorem. Hence if the theorem is true for 
any particular value of x, it is true for the value greater by unity; but it is evi- 
dently true when 7 = 1; it is therefore true for any positive integral value of 7. 
As a particular case, when @ 1, we have Vandermonde’s Theorem. 
Again, when d = 0, we have the Binomial Theorem for the case of a posi- 
tive integral exponent, since, from (A), y@, -. 
Il.—Let be a negative integer. 
Let 7 m. We will first show that 
I 
+ md 


Now = a,_,.[a —(r—1)d]; (1) 


m 


for ,@,_, expanded by (A) and multiplied by a —(7 — 1)d becomes the expan- 
sion of ,@, by (A). Hence, 


= —(r — 5)d],, (2) 


s being a positive integer. Now from (4) ,@, =a. From (1) ,@, = a@%.@. Hence 


a% = 1. From (2) = .a_,.(a + sd),. Hence 


ma );,' (3) 


Let /(% + 7), denote the expansion of (7 + 7), by the theorem, and let 
+ 7)_,, be multiplied by + 4+ md),. If + y)_, is convergent 
and remains convergent when its negative terms (if there are any) are made pos- 
itive, the series resulting from multiplication will be convergent, and will equal 
+ + multiplied by the value of + 


m 


* See Cauchy’s Analyse Algébrique, or Chas. Smith’s Treatise on Algebra. 
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But X Eda+y + I, 
and At ma), + 
hence At + = + 
under the condition above stated. 
It may be shown that “(x + y)_,, is convergent when y is numerically less 


than + + d. 
It follows from the above that “(4 + y)_,, is never finite when ,(x +7) 

is infinite. 

We can thence prove the series 


divergent; for 


Eo — 1)_,=,0_, 


and 
a 


Again, the familiar series 


—1)_,, and ,(1 — 1)_,=,1,7'=1. 


The theorem is thus seen to be of use in the summation of series. 
When d= 0 we have here the Binomial Theorem for the case of a negative 
integral exponent. 

III. Let 2 be any number. 

1. Let @=o0. The theorem becomes the Binomial Theorem for any index, 
which has been proved true when the series is convergent; and the series has 
been proved convergent when y is numerically less than x. We will therefore 
assume these results. 

2. Let d be any number. Let D,(x + y), denote the expansion of ,(x + 4’), 
by (A). If y be numerically less than 2x, we can substitute for (# + 7)", 
+ y), their respective expansions by the Binomial 
Theorem. Then the coefficient of any power of x in D(x +7), equals the 
coefficent of the same power of « in E(x + y),. Hence the theorem is true 
for any value of ~, provided y is numerically less than . 
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SOLUTIONS OF EXERCISES. 


SOLUTIONS OF EXERCISES. 


166 


A CIRCLE cuts a parabola, and the centroid of the four points of intersection 
is found. What is the locus of the centre of the circle if this point be fixed ? 


[W. M. Thornton.] 
SOLUTION. 


The equations to the curves are 
y=2px, 
At the points of intersection 
— u)? — + 2px + = 
or + 
By hypothesis, 7, + +, + + 4, is constant; or 
p-—u=e, 


which is a straight line at right angles to the axis of the parabola. 
[R. H. Graves.] 
167 
IF 7,7, = # (a constant), where (1,, y,) and (2,, 7.) are points on the parabola 
y” = 4ax, find the locus of the intersections of the normals at these points. 
[R. H. Graves.] 
SOLUTION. 


If (uv, v) be the foot of the normal from (2, 7) to 7? = 2px 
2p(p — — 2f*y = Oo. 
By hypothesis 7,7, = #7. But = Therefore 


= 


whence we find for the equation to the required locus 


4piy? = (x — p) + 
[W. M. Thornton, and others.] 
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205 


A TRIANGLE QR is inscribed in an ellipse having the two sides ?O and 
PR passing through the foci, and the line QR produced meets the tangent at P 
at the point S. The polar of S with respect to a concentric circle through P 
passes through the centre of curvature of the ellipse at the point 7. 


[R. H. Graves. 


SOLUTION. 


Let I 


be the equation to the ellipse, and let the co-ordinates of the points P and S be 

Then, S is the pole of the normal at P. 

at and y, = — 4 


(See solution to Exercise 139.) 


The centre of curvature is given by the equations 


(a? 8) x’ snd — (a? —- 
4 


a 


and the truth of the proposition follows. [R. H. Graves.] 


206 


IF from any point four normals be drawn to each of the hyperbolas, 


and 


the centres of mean position of the feet of the two sets of normals are coincident. 


[R. H. Graves.] 


SOLUTION. 


The normal from (2’, y’) to 2? — 7? = a’ at (2, 7’) is 
xy! + xly = 249; 
(a8 — al) (428 — gee! + = sty”; 


A like result will be found for zy = #’, 
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SOLUTIONS OF EXERCISES. 


214 
AN equilateral hyperbola is circumscribed to a triangle. Find the greatest 
and least of the values of the transverse axis. [R. H. Graves.] 
SOLUTION. 


Since the curve passes through the orthocentre, the minimum is zero, and 
the maximum is two-thirds of the altitude. [R. H. Graves.] 


217 


A CIRCLE is drawn at random within a given circle. What is the proba- 
bility that the random circle contains the centre of the given circle ? 
[Artemas Martin.] 


SOLUTION. 


Let 4 be the centre of the given circle, and ? the centre of the random 
circle; through ? draw the radius OP of the given circle; then OP is the dis- 
tance between their centres. Put += radius of the given circle, and let OP= x. 
In order that the random circle may contain the centre of the given circle, OP, 
the distance between their centres must be less than $7. While the centre of 


the random circle is at ?, its radius can have any value from 0 to x — 4; but it 
will not contain the centre of the given circle unless its radius exceeds +; hence 
in order to include the centre of the given circle, the radius of the random circle 
can have any value from + to ry —.2; therefore for an assigned value of x the 
probability that the random circle contains the centre of the given circle is 


2x 


But * may have any value from o to $7, and all these values are equally 
probable. / will be at the distance x from the centre of the given circle if it is 
anywhere on the circumference of the circle whose centre is at O and radius +; 
therefore the probability required is 


hr 
f= | px X + 


hr 


[Artemas Martin] 
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EXERCISES. 


236 


IF p, 7, r, s are the lengths, supposed unequal, of the sides of a quadrilateral, 
prove that 


(e+ 5)(r +5)f 
sf. 
[R. H. Graves.] 


237 
THE axes of an ellipse are given, and one focal distance of a point on the 
curve. Find the ordinate of the point drawn to the major axis. 
[O. L. Mathiot.] 


238 
From the point P on an equilateral hyperbola the ordinate and the supple- 
mental chords are drawn. Find the locus of the join of the ordinate and the 
perpendicular bisector of the longer chord. [R. H. Graves.] 


239 
Finp the equation to QR of Exercise 205, P being given. 
[R. H. Graves.] 


240 
Finp the centre locus of the circumconic 


upy + vya + was =o, 
when wvw describes the straight line 


la + m3 4+- nz = 0, 


and determine the nature and position of the locus; 
1. When the line is at infinity, 
2. When the line is the axis of homology of the triangle of reference and 
its pedal triangle. [R. H. Graves.] 
241 
Finp the eccentricity of the ellipse which cuts a confocal lemniscate where 
its ordinate is a maximum, and the angle of intersection. [R. H. Graves.] 
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EXERCISES. 


242 
THE curve tan z + tan y =a is symmetrical with regard to certain lines 
parallel to zx + y= 0. [Frank Morley.| 
2438 
A NODAL quartic passes through the twelve intersections of three conics. 


Show that the polars of the node with regard to the conics meet in a point. 
[Frank Morley.] 


244 


THE angle of intersection of a meridian of the earth with a confocal oval of 
Cassini equals the reduction of latitude at the join. [R. H. Graves.] 


245 


Tue probability that an event A happens is /,; the probability that an event 
B happens is f,; the probability that neither happens is £,; required, the proba- 
bility that both happen. _ [Z. M. Hoskins.] 
246 
Finp the average distance of a given point in ‘the surface of a circle from 
the circumference. [Artemas Martin. | 
247 
Two sides of a triangle are a and 4; find the average length of the third 
side. [Artemas Martin.] 
248 
A point is taken at random in a side of a square and a random line drawn 


from it to the opposite side. Find the average length of the random line. 
[ Artemas Martin.] 


249 


Cut the two edges AB, CD of the tetraedron ABCD by plane // in P, Q 
respectively; and take P’, Q’ the harmonic conjugates to PQ relative to AB, 
CD. Draw a plane ¥ through /’Q’ and let 7, NV be the points in which it cuts 
AC, BD. Then will the join ZV intersect both PQ and /’Q’; and in points 
R, R’ which divide WN harmonically. H. Moore, Jr.) 

250 

A HOMOGENEOUS sphere rests on another such sphere of equal mass, which 

rests on a table. Everything being smooth and the system being slightly 


shaken, show that the spheres will separate when the upper one has turned 
through the angle cos~ '(,/3 — 1). [Frank Morley.| 
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